THE KNESER-TITS CONJECTURE FOR GROUPS WITH 
TITS-INDEX OVER AN ARBITRARY FIELD 

R. PARIMALA, J.-P. TIGNOL, AND R. M. WEISS 

Abstract. We prove: (1) The group of multipliers of similitudes of a 12- 
dimensional anisotropic quadratic form over a field K with trivial discriminant 
and split Clifford invariant is generated by norms from quadratic extensions 
E/K such that is hyperbolic. (2) If G is the group of it-rational points 
of an absolutely simple algebraic group whose Tits index is -Ef 6 2 ; then G is 
generated by its root groups, as predicted by the Kneser-Tits conjecture. 



1. Introduction 

The Kneser-Tits conjecture — first formulated in [3T] — predicts that the group of 
if-rational points (for some field K of arbitrary characteristic) of an absolutely 
simple algebraic group with Tits index 
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is generated by its root groups. This Tits-index is denoted by E%\ m [IH]- Groups 
with this Tits index are classified by similarity classes of anisotropic 12-dimensional 
quadratic forms over K with trivial discriminant and split Clifford invariant. By 
[2"2l 42.6], they are also the groups whose corresponding spherical building is a 
Moufang quadrangle of type E% as defined in [22J 16.6]. 

Given a quadratic form q defined over a field K, we denote by clif(g) the Clifford 
invariant of q, by G(q) the group of multipliers of similitudes of q, by Hyp(g) the 
subgroup of K x generated by K x 2 and the norms from finite extensions E/K such 
that qE is hyperbolic and by Hyp 2 (g) the subgroup of Hyp(q) generated by K x2 
and the norms from quadratic extensions E/K such that qe is hyperbolic (including 
inseparable ones). 

Our goal is to prove the following closely related statements. 

Theorem 1.1. If q is an anisotropic quadratic form with trivial discriminant, then 
G(q) = Hyp 2 (g) in the following cases: 

(i) dimg = 8 and the index o/clif(g) is 2; 

(ii) dim q = 12 and clif(g) is split. 

Theorem 1.2. If G is the group of K -rational points of an absolutely simple alge- 
braic group whose Tits index is E®\, then G is generated by its root groups. 
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We give two very different proofs of these theorems. In <j2]we lay the groundwork 
that is common to the two proofs, and show that the equality G(q) = Hyp(g) holds 
for quadratic forms as in Theorem 11.11 As a consequence, the connected compo- 
nent of the identity PGO^(q) in the group of projective similitudes is A-trivial if 
char(A') =^ 2: see Corollary 12.191 In <j3l we give proofs of Theorems 11.11 and 11.21 
based on results in [23] and |24j . In particular, the notion of a quadrangular alge- 
bra introduced in Chapters 12-13 of [22] and in [23] plays a central role in these 
proofs. In <Q]we show how the A-triviality of PGO+(g) for q as in Theorem [Tjjii) 
in characteristic yields another proof of Theorem 11.21 in arbitrary characteristic. 
In <|5] we give an entirely different proof of Theorem 11.11 under the assumption that 
char(A) ^ 2, using the triality-defmed correspondence between 8-dimensional qua- 
dratic forms of trivial discriminant and hermitian forms over the simple components 
of their even Clifford algebra. 

For a survey of what is known about the Kneser-Tits conjecture; see [S]. We call 
attention especially to §6 of that paper, where the Kneser-Tits conjecture over an 
arbitrary field is discussed. By [17] . 6.1] and Theorem II .21 the only exceptional 
groups of relative rank at least 2 for which the Kneser-Tits conjecture remains to 
be verified over arbitrary fields are those whose Tits index is 
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(called Aj 8 2 in [19 ). Groups with this Tits index are classified by isotopy classes of 
Albert division algebras, and the corresponding spherical buildings are the Moufang 
hexagons defined in [22j 16.8] for "hexagonal systems" of dimension 27. See also 
8.6] and [22l 37.41]. 

Acknowledgement. The proof in Sg]tliat the A-triviality in characteristic of 
PGO+(g) for q as in Theorem ll.lf ii') implies Theorem [L2] in arbitrary characteristic 
is due to Skip Garibaldi. We would like to thank him for allowing us to reproduce 
his proof here. 



2. Similitudes of quadratic forms 

Our main background reference for quadratic forms is [6], although we mostly use 
the notation of [23]. Let (K,L,q) be a quadratic space. Thus A is a field, L is a 
A- vector space and q: L —> A is a quadratic form on L. We let f — dq denote the 
polar bilinear form of q. Thus 

f{x, y) = q(x + y)- q{x) - q{y) for x, y £ L. 

The quadratic space (A, L,q) is nondegenerate if diniR-rad/ < 1; see j6j 7.17]. 
If dimx L is even and (A, L, q) is nondegenerate, then / is nondegenerate, the 
discriminant disc(g) is the isomorphism class of the center of the even Clifford 
algebra Co(q) and the Clifford invariant clif(g) is the Brauer class of the full Clifford 
algebra C(q); see [6] §§13, 14]. As in [6l §§8, 9], we let I q K denote the quadratic 
Witt group of A and let /"A = I^K ■ I q K for all n > 0, where I'^K is 
the (n — l)st power of the fundamental ideal IK of even-dimensional forms in the 
bilinear Witt ring WK. 

The following definitions are taken from [22l 21.31]. 
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Definition 2.1. A quadratic space (K,L,q) is of type Ej if it is anisotropic 
and there exists a separable quadratic extension E/K with norm N and scalars 
ot\ , . . . , a?4 such that 

(K, L, q) = (K, E 4 , ai N _L a 2 N _L a 3 N _L a A N) 

and 

a^a^a^ai N(E). 

In other words, q is anisotropic, 

q = (a>i,a 2 ,a 3 ,a4) ■ 

and the quaternion algebra (E/K , aio^a^o^), which represents clif(q), is not split. 

Definition 2.2. A quadratic space (K, L, q) is of type E$ if it is anisotropic 
and there exists a separable quadratic extension E/K with norm N and scalars 
a>i , . . . , «6 such that 

(if, Zr, g) (K, E 6 , ai N _L a 2 N _L • • • _L a 6 N) 

and 

— aia.2 ■ ■ ■ ote € N(E). 
In other words, q is anisotropic, 

q = . ..,a 6 ) • N, 

and clif (q) is split. 

Proposition 2.3. Suppose that (K, L, q) is an anisotropic quadratic space. Then 
the following hold: 

(i) (K, L, q) is of type E^ if and only if dim q = 8, disc(<7) is trivial and clif (g) 
is of index 2. 

(ii) (K, L, q) is of type E% if and only i/dimg = 12, disc(<7) is trivial and clif (g) 
is split. These conditions are also equivalent to dimg = 12 and q € I z q K . 

Proof. If char(iT) ^ 2, (i) is in [TQ Ex. 9.12] and (ii) in QH p. 123]. In arbi- 
trary characteristic, see [5j 4.12] and (for the second part of (ii)) [6l Thm. 16.3] if 
chav(K) = 2. □ 

Remark 2.4. Suppose that (K, L, q) is a quadratic space of type E? and that 
q(l) = 1 for a distinguished element 1 of L. Let E and a%, . . . , be as in 12.11 By 
ESI 2.24], 

(2.5) C(?,l)SM(4,D)eM(4,D), 

where C((7, 1) is the Clifford algebra with base point as defined in [22, 12.47] and 
D is the quaternion division algebra (E/K, aia^a^cti) . By [351 12.51], C(q, 1) is 
isomorphic to the even Clifford algebra Co (5). Since D represents clif (<?) , it is 
independent of the choice of the orthogonal decomposition of q in 12. II 

Our goal in this section is to prove the equality G(q) — Hyp(q) for q of type £7 
or E$. We start with some general observations. The following is essentially [23j 
2.18]. 
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Proposition 2.6. Suppose that the polynomial p{x) = x 2 — ax + j3 G K[x] is 
separable and irreducible over K. Let E be the splitting field of p{x) over K and 
let N denote the norm of the extension E/K, so that (K,E,N) is a nondegenerate 
anisotropic 2 -dimensional quadratic space. Let (K, L, q) be a finite- dimensional 
quadratic space. Then the following assertions are equivalent: 

(i) The K-vector space structure on L extends to an E-vector space structure 
such that q(u ■ v) = N(u)q(v) for all u G E, v G L: 

(ii) There exists a similitude T of q such that q(T(v)) = /3q(v) and f(v, T(v)) = 
a for all non-zero v G L and p{T) — 0; 

(iii) For each v\ G L there exists a decomposition L = Vi • • • ® V4 for some 
d G N such that V\ G V± , the restriction qi of q to Vi is similar to N for 
each i G [1, d] and q = q 1 _L • • • _L q^; 

(iv) for some d G N and some a±, ct2, ■ ■ ■ , ctd G K x , 

(K, L, q) ^ {K, E d , aiN _L a 2 N _L • ■ • _L a d N); 

(v) qE is hyperbolic. 

Proof. Suppose that (i) holds, choose a root 7 G E of p(x) and let T(v) = 7 • v for 
all v G L. Then T is a similitude of q as in (ii). If T is a similitude of q as in (ii), 
then for each nonzero v G L the restriction of q to (v, T(v)) is similar to N (and, in 
particular, is nondegenerate). Therefore (iii) holds, and (iii) of course implies (iv). 
Fixing an isomorphism as in (iv), we may transfer to L the natural E- vector space 
structure on E d to obtain (i). The equivalence of (iv) and (v) follows readily from 
[i Prop. 34.8]. □ 

Definition 2.7. A similitude ip of a quadratic space (K, L, q) is called inseparable 
if char(_ftT) = 2, the multiplier of <p is not in K x2 and 

f(v, <p(v)) = for all »ei, 

where / = dq. We call a similitude of q separable if it is not inseparable. Thus, if 
char(if) 7^ 2 all similitudes are separable. 

Proposition 2.8. Let (K, L, q) be a finite- dimensional quadratic space such that 
f = dq is nondegenerate. If (K, L, q) admits an inseparable similitude with multi- 
plier 7, then 

q ~ (1,7) • g 

for some non- degenerate quadratic form qg. In particular, dimi = mod 4 and 
QK(y/y) is hyperbolic. 

Proof. Let E = iC(w^y) be a purely inseparable quadratic extension of K, and let tp 
be an inseparable similitude of (K, L, q) with multiplier 7. Linearizing the condition 
f(v, (p(v)) — 0, we obtain 

f(v,(p(w)) = f(ip(v),w) for all v, w G L. 

Since f (ip{y) , ip{wy\ — jf(v, w) for all v, w G L, it follows that 

f(y, (p 2 (w)) = f(ip(v),Lp(w)) = jf(v, w) for all v, w G L, 

hence y> 2 (w) — for all w G L. We then define on L an E- vector space structure 
by 

(A + /U^/7) ■ v = Xv + [iip(v) for A, ji G K and v G L, 
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and we define a map /' : L x L — > E by 

f'(v,w) — f(v,w) + \J J~ 1 f(v, ^(w)) for v, w G L. 

A straightforward computation shows that /' is a bilinear alternating form on L. It 
is nondegenerate since / is nondegenerate. Therefore, the dimension of L over E is 
even, hence its dimension over K is a multiple of 4. Let (ei,e^)^ =1 be a symplectic 
-E-base of L for /'. If L C L is the if-span of (e^, e£)^ =1 and go is the restriction 
of q to L , we have L = L _L <p(L Q ) and g = go -L (i)qo- n 

Corollary 2.9. Lei (K,L,q) be a finite- dimensional quadratic space such that dq 
is non-degenerate. Then the multiplier of every inseparable similitude of q is in 
Hyp 2 (<?)- 

Proof. Let 7 be the multiplier of an inseparable similitude of q. Clearly, 7 G 
N(K(^/j)^ , and Proposition 12.81 shows that q is hyperbolic over K(^y). □ 

We now consider quadratic forms of low dimension. The following result is 
presumably well-known: 

Proposition 2.10. Every 10 -dimensional quadratic form in Ig(K) is isotropic. 

Proof. This was proved by Pfister [THl p. 123] under the hypothesis that char(if) ^ 
2. The arguments also apply when chai(K) = 2; see [5j Thm. 4.10]. □ 

We now consider quadratic spaces of type E-j. For the next statement, we do 
not require the form to be anisotropic. 

Lemma 2.11. Let (K,L,q) be a nondegenerate quadratic space of dimension 8. 
//disc(g) is trivial and clif (<7) is represented by a quaternion algebra Q with norm 
form Nq, then q is Witt- equivalent to the sum of a multiple of Nq and a multiple 
of some 3- fold Pfister quadratic form n: there exist a, j3 € K x such that 

(2.12) q = (a) ■ N Q + (p) ■ n in I q K. 

Moreover, G(q) = G(Nq) n G(tt). 

Proof. Let a G K x be a value represented by q. Consider the form 

q' = q J_ (-a) ■ N Q . 

This 12-dimensional form is isotropic and has trivial discriminant and Clifford in- 
variant, hence it is in I^K and is Witt-equivalent to a 10-dimensional form. By 
Proposition ^. lOl it is actually equivalent to an 8-dimensional form. By the Arason- 
Pfister Hauptsatz j6[ Thm. 23.7], this 8-dimensional quadratic form becomes hy- 
perbolic over the function field of the corresponding quadric, hence it is a multiple 
of some 3-fold Pfister quadratic form it by [6j Cor. 23.4]. Letting q' — ((3) ■ it in 
I q K, we have fl2"J2"l) . 

Now, for 7 G G(q) we have (1, —7) • q = in I q K, hence 

(1, -7) ' («) ' N Q = -(1, -7) • (f3) ■ 7T in I q K. 

Since the left side is a form of dimension 8 and the right side is a form of dimen- 
sion 16, the right side must be isotropic. It is then hyperbolic by [6j Cor. 9.10], 
since it is a multiple of a Pfister form. The left side is then also hyperbolic, which 
means that 7 is in G(tt) and in G(Nq). We have thus proved G(q) C G(Nq) (lG(n). 
Since the reverse inclusion is clear, the proof is complete. □ 
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Lemmas 12.131 and 12.141 are well-known when char(if) ^ 2; see 2.13] for 
Lemma 12.131 The proofs we give below do not require any separability hypoth- 
esis. 

Lemma 2.13. Let E±, E% be linearly disjoint quadratic extensions of a field K, 
and let M = E\ ®k E 2 . The norm groups of E±, E2, and M are related as follows: 

N{E X /K) n N(E 2 /K) = K x2 ■ N(M/K). 

Proof. Since K x2 C N(Ei/K) and N(M/K) C N(E t /K) for i = 1, 2, the inclusion 
N(E 1 /K)nN(E 2 /K) D K x2 ■ N(M/K) is clear, and it suffices to prove the reverse 
inclusion. We identify E\ and E 2 with subfields of M and consider a G N{E\/ K)0 
N(E 2 /K). Let xi G E* , x 2 G E 2 be such that 

a = N El/K {xi) = N E2 / K (x 2 ). 

Let T Ei /K '■ Ei — > K be the trace map, for i = 1, 2. Computation shows that 

XiN u/El (l + x1 1 x 2 ) = T El/K (x 1 ) + T E2/K (x 2 ). 

If X\ ^ —x 2 , the left side is nonzero. Taking the norm from E\ to K of each side 
yields 

aN M/K (l + x^ 1 x 2 ) = (T El/K (xi) + T E2 / K (x 2 )) 2 e K y2 , 

hence a € K x2 ■ N(M/K). If xi = -x 2 , then x x £ E x n E 2 = K, hence a € if x2 . 
□ 

Lemma 2.14. ^4nj/ multiplier of similitude of an anisotropic quadratic Pfister space 
(K, L, 7r) is a square in K or is the norm of a quadratic extension over which n is 
hyperbolic. 

Proof. By 6, Cor. 9.9], the multipliers of 7r are the represented values of 7r, so any 
7 G G(ir) has the form 7 = tt(v) for some v € L. Let e E L be such that 7r(e) = 1. 
If e and u are not linearly independent, then 7 6 if x2 . Otherwise, let V be the 
if-span of e and i>. The restriction of n to is the norm form of a quadratic 
extension of K over which 7r is isotropic, hence hyperbolic by [6l Cor. 9.10]. By 
construction, this norm form represents 7. □ 

Proposition 2.15. For any nondegenerate quadratic space (K, L, q) of dimension 8 
such that disc(g) is trivial and clif(q) has index 1 or 2, we have G(q) = Hyp(g). 

Proof. It suffices to show G(q) C Hyp(g), since the reverse inclusion follows from 
the similarity norm principle [BJ Thm. 20.14]. Let 7 € G(q), and consider a de- 
composition of q as in (|2.12p . We may assume q is not hyperbolic, otherwise 
Hyp(q) = K x = G(q) and there is nothing to prove. If Nq or it is isotropic, 
hence hyperbolic, the proposition readily follows from Lemma T2.14I For the rest of 
the proof, we may thus assume Nq and it are anisotropic. By Lemma l2.11l we have 
7 G G(A r Q)nG(7r), hence Lemma [2 . 1 41 yields quadratic extensions E±, E 2 of K that 
split N Q and tt respectively, such that 7 e N{E l / K)C\N{E 2 / K). If E l =E 2 , then 
£?i splits A^q and 7r, hence also q. Since 7 € N(Ei/K), it follows that 7 £ Hyp(q). 
If Ei ^ E 2 , then i?i and £2 are linearly disjoint over K, and the tensor product 
M = E\®kE 2 is a held that splits Nq and 7r, hence also q. Since 7 is a norm from 
E\ and from E 2 , Lemma [2TT31 shows that 7 G if x2 • N(M/K), hence 7 G Hyp(q). 
□ 
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Proposition 12.151 applies in particular to quadratic spaces of type Ej. We now 
turn to spaces of type Eg ■ 

Proposition 2.16. Suppose that (K,L,q) is of type Eg, that 7 is the multiplier of 
a separable similitude of q and that 7 G" K x2 . Then there exists a decomposition 

(K,L,q) = (K,L 1 ,q 1 ) ±(K,L 2 ,q 2 ) 

such that q 2 is of type E7, q\ is similar to the reduced norm of the quaternion 
division algebra representing clif (q 2 ) and 7 is a multiplier of similitudes of both qi 
and q 2 . 

Proof. Let if be a separable similitude of q with multiplier 7. If char(i^) = 2, we 
choose v £ L such that f(v,(p(v)) 7^ 0; if char(i"Q 7^ 2, we let v be an arbitrary 
non-zero vector in L. Next we set W = (v,ip(v)}. Since 7 ^ K x2 , we have 
dim^- W = 2. Let gi denote the restriction of q to W and let q 2 denote the 
restriction of q to W^. The form qi is similar to the norm N of a quadratic 
extension E/K such that 7 G N(E). Since qi is nondegenerate, the extension 
E/K is separable and q — q\ _L q 2 . Since qE and (qi)E have trivial discriminant 
and split Clifford invariant, also (q 2 )E has trivial discriminant and split Clifford 
invariant. By Proposition 12.101 it follows that {q 2 )E is isotropic. Hence we can 
choose a 2-dimensional subspace U of such that the restriction of q 2 to U is 
hyperbolic over E. By Proposition 12.61 the restriction of q 2 to U is similar to N. 
Let L\ = W © U, let L2 = £1 and let denote the restriction of g to for i = 1 
and 2. Then gi is similar to the reduced norm of a quaternion division algebra D, 
7 is a multiplier of q\ and 

(K,L,q) = (K,L 1 ,q 1 ) ±(K,L 2 ,q 2 ). 

Since 7 is a multiplier of both q and qi, both (1, —j)-q and (1, —7) -q\ are hyperbolic. 
Since 

(1, -7) ' 1 = (!) -7) ' 9i -L (!) -7) ' 92, 
it follows by Witt's Cancellation Theorem that the product (1,-7) • q 2 is also 
hyperbolic. Hence q 2 = (7) • q 2 in I q K . By [6l 8.17], therefore, there is a similitude 
of q 2 with multiplier 7. Since disc(g) and disc(qi) are both trivial, so is disc(q2)- 
Furthermore, clif (92) = clif (gi) since clif (g) is split. Since the quaternion division 
algebra D represents clif (gi), it also represents clif (g 2 ). We conclude, in particular, 
that q 2 is of type Ej. □ 

Corollary 2.17. For any nondegenerate quadratic space (K,L,q) of dimension 12 
such that disc(g) and clif (g) are trivial, we have G(q) = Hyp(q). 

Proof. As in Proposition [2T5l it suffices to prove G(q) C Hyp(q). If q is isotropic, 
then Proposition 12.101 shows that q is Witt-equivalent to a multiple of a 3-fold 
Pfister form, hence the inclusion follows from Lemma 12.141 For the rest of the 
proof, we may thus assume q is anisotropic, i.e., q is of type Eg. 

Let 7 G G(q). If 7 is the multiplier of an inseparable similitude, then we have 
7 G Hyp(g) by Corollary 12.91 If 7 is the multiplier of a separable similitude, we 
hx a decomposition q = qi _L q 2 as in Proposition 12.161 so 7 G G(<?i) H G(q 2 ). 
By Proposition 12 . 1 51 we have G(q 2 ) = Hyp(q2)- Now, if E/K is a finite extension 
such that (q 2 )E is hyperbolic, then E splits clif(g2)- Hence (qi)E is hyperbolic, and 
therefore qE is hyperbolic. This shows Hyp(q 2 ) C Hyp(g). Since 7 G Hyp(q 2 ), it 
follows that 7 G Hyp(g). □ 
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Remark 2.18. Restricting to quadratic extensions that split (72 in the last part of 
the proof above, we see that Hyp 2 (<?2) C Hyp 2 (g). This observation will be used in 

m 

When char(A') 7^ 2, Proposition ^. 15l and Corollary 12 . 1 71 yield information on the 
connected component of the identity PGO+(g) in the group of projective similitudes 
of (K, L,q), which is the group of algebra automorphisms of End(L) that commute 
with the adjoint involution of q. The property of i?-triviality used in the following 
statement refers to Manin's inequivalence; see [El §1] for details. 

Corollary 2.19. Assume char(A') ^ 2. For q a quadratic form of type £7 or 
over K, the group PGO+(q) is R-trivial. 

Proof. By [14j Thm. 1], it suffices to prove that G(qE) = Hyp(gs) for every field E 
containing K . If q is of type E7, this property readily follows from Proposition ^. 15l 
If it is of type E&, it follows from Corollary 12. 171 □ 

Remark 2.20. Skip Garibaldi has observed that if q is of type £7, then it follows 
from Lemma [2. 1 II and [5J Prop. 6.1] that the group PGO + (g) is actually stably 
rational. 



3. Quadrangular algebras and proofs of Theorems 11.11 and 11.21 

Most of this section is devoted to results about quadrangular algebras. At the very 
end of this section, we use these results to prove Theorems 11.11 and 11.21 

The notion of a quadrangular algebra arose in the course of the classification 
of Moufang polygons; see, in particular, Chapters 12-13 and 27 in [22]. For the 
definition, see [221 1-17]. 

Proposition 3.1. Let (K,L,q) be a quadratic space of type £7 or Eg, as defined 
in \2.1\ and \2.2\ and suppose that q(l) — 1 for a distinguished element 1 of L. Then 
there exists a unique quadrangular algebra 

E=(K,L,q,l,X,-,h,6) 

as defined in [231 1.17]. 

Proof. Existence holds by |23[ Thm. 10.1] and uniqueness (up to equivalence as 
defined in [211 Thm. 1.22]) holds by [23j 6.42]. □ 

Notation 3.2. For the rest of this section, we let 

E=(K,L,q,l,X,;h,6) 

be as in l3.1l and / = dq. By [23, Prop. 4.2], we can assume that S is ^-standard for 
some (J £ I as defined in [231 4.1]. (This allows us to use the identities in Chapter 4 
of 23 .) In addition, we let a be as [23j 1.2], we let w _1 for all non-zero u G L be 
as in [IS 1.3] and we let tt be as in [23j 1.17(D1)]. 

Remark 3.3. Suppose that (K,L,q) is of type E7 and let C(q, 1) and D be as in 
El By ([231) and [23j 1.17(A1)-(A3) and Prop. 2.22], there exists a unique map * 
from D x X to X with respect to which X is a left vector space over D, ta = t * a 
for all (a, t) e X x K and w * (a ■ v) — (w * a) ■ v for all w G D, a € X and v e L. 
This map is given explicitly in |24[ 3.6]. 



THE KNESER-TITS CONJECTURE FOR E| 6 2 



9 



Proposition 3.4. Suppose that (K,L,q) is of type E7, let D and * be as in \3.3\ 

let (pi be a similitude of q, let u = <pi(l) and let 

a v — (a ■ v) ■ u^ 1 

for all (a,v) £lxi, where u^ 1 is as in \3.2\ Then there exists a similitude tp with 
the same multiplier as p\ such that u — p(l), an element lj G K x and a D-linear 
automorphism ip of X such that the following hold: 

(i) tf> (a ■ v) — ip{cb) • p(v) for all a G X and all v G L. 

(ii) p(h(a, b)) = Luh(ip(a),ip(b)u) for all a,b G X . 

(iii) <p(Q(a,v)) = u)9(ip(a), p(v)) (mod (ip(v))) for all a £ X and all v G L. 

Proof. The map ipi is an isomorphism of pointed quadratic spaces from (K, L, q, 1) 
to (K,L,q/q(u),u). It therefore induces an isomorphism of Clifford algebras with 
base point from C(q, 1) to C(q/q(u),u). Let S, h and 9 be as in [231 Prop. 8.1]; 
thus, 3 = (K,L,q/q(u),u,X, ~,h,6) is the isotope of S at u as defined in (23J 8.7]. 
By [H 1.17(A1)-(A3) and Prop. 2.22] applied to both S and to S, X is a right 
C(q, l)-module with respect to • and a right C(q/q(u), w)-module with respect to 
By [22j 12.55] (where the base point 1 is called e), exactly one of the two 
direct summands in (|2.5[) acts nontrivially on X, and by [22j 12.54], there exists an 
isometry p of q fixing 1 that extends to an automorphism of C(q, 1) interchanging 
the two direct summands. Thus for j = or 1, the composition ipi o pP maps the 
direct summand A of C(q, 1) acting nontrivially on X to the direct summand A u 
of C(q/q(u),u) acting nontrivially on X. Let p = p\ o p° . Choosing a basis for X 
as a left vector space over D, we can identify both A and A u with Endu(X). It 
follows that there exists a D-linear automorphism ip of X such that (i) holds. By 
(23j 1.25 and Prop. 6.38], there exists ui G K x such that also (ii) and (iii) hold. □ 

Notation 3.5. Let g and 4> be the maps that appear in [331 1-17(C3)-(C4)], let 

(JJ+,U u U 2 ,U s ,Ui) 

be the root group sequence and X4 the isomorphism from L to U4 obtained by 
applying the recipe in [551 16-6] to H, g and cj>, let T be the corresponding Moufang 
quadrangle (see [22l 8.11]), let be the subgroup of Aut(L) generated by the root 
groups of L, let H be the subgroup of Aut(L) defined in [21 1.4] (or [23 11.20]), let 
G = H a ■ G*t and let = H a n GL By [221 35.11], the similarity class of {K, L, q) 
is an invariant of T. 

Proposition 3.6. G/G^ = Hq/W and if (K,L,q) is of type Eg, then G is the 
group of K -rational points of an absolutely simple algebraic group with Tits index 
E®\, and every such group arises in this way starting with some quadratic space of 
type Eg defined over K . 

Proof. For the isomorphism G/G^ = Hq/W, see the top of page 193 of [21] (where 
G is called Go), The remaining assertions hold by [221 42.6]. □ 

Proposition 3.7. Suppose that (K,L,q) is of type Ej and that p\ is a similitude 
of q. Let Hq and X4 be as in \ 3.5\ Then there exist an element h of Hq and a 
similitude p of q with the same multiplier as p>\ such that 

x 4 (v) h = x 4 (p(v)) 

for all v G L. 
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Proof. Let (p and ip be the maps obtained by applying Proposition 13.41 to (pi. By 
Proposition 13.41 and [23j Prop. 12.5], the pair (<p,ip) is contained in the structure 
group of S (as defined in [H 12.4]). The claim follows now by [H Thm. 12.11] 
and the first few lines of its proof (as well as [23J 11.22]). □ 

From now on we identify K with its image under the map t n- t ■ 1 from K to L. 
Thus when we write 7r(a) + t for (a, t) £ X x K, for example, we mean 7r(a) + 1 • 1 
(where 7r is as in 13.2)) . 

Proposition 3.8. Lef a be a non-zero element of X , let 

p(x) = x 2 - /(l, 7r(a))a; + g(7r(a)) G if [x], 

Zet .E &e i/ie splitting field of p(x) over K and let N be the norm of the extension 
E/K. Let T(v) = 9(a,v) for allv G L and let I be the identity automorphism of L. 
Then N(E X ) = K x2 ■ {q(n(a) + 1) \ t G K}, q E is hyperbolic and for each t G K, 
T + tl is a similitude of q with multiplier q(jr(a) + t). 

Proof. By [23, 1.17(D2)], p{t) = q{ir(a) - t) ^ for each t G K. Thus p(x) is 
irreducible over K. It follows that N(E X ) = K x2 ■ {g(?r(a) +t)\t€ K}. By [23l 
Props. 4.9(i) and 4.22], T + tl is a similitude of q with multiplier q(ir(a) + t) for each 
f G K and /(T(«), u) = /(tt(o), 1)<?(u) for each non-zero t> G L. By [23 Prop. 4.21], 
p(T) = 0. Thus if p{x) is separable, then q E is hyperbolic by Propositions 12.61 If 
p(x) is inseparable, then f(n(a) 7 l) = 0, hence T is inseparable and again q E is 
hyperbolic, this time by Proposition 12.81 □ 

Definition 3.9. For each non-zero a € X, the map v i— > 8(a,v) is a similitude 
of g by Proposition 13.81 We call an element a G X separable if a 7^ and the 
similitude v >-> 0(a, w) of q is separable as defined in 12.71 We let X sop denote the 
set of separable elements of X. Thus if char(if) 7^ 2, then X scp = X\{0}, but if 
char(if) = 2, then by [23l Prop. 4.9(i)], 

^c P = {«eX /(tt(o), 1) ^ 0}. 

If char(if) = 2, then by O 13.42-13.43], a M- f(n(a), 1) is a nondegenerate 
quadratic form on X. In particular, the set X sop is non-empty also if char(if ) = 2. 

Proposition 3.10. Every inseparable similitude of q (as defined in \2. 7| ) is the 

product of two separable similitudes. 

Proof. Let tp be an inseparable similitude of q, so char(if ) = 2. It suffices to show 
that 

f(6(a,<p(v)),v)?Q 

for some v G L and some a G X scp , where X scp is as in 13.91 Suppose this is false 
and let w = y(l). Then 

(3.11) f(0(a,w),l) =0 
for all a G ^ S cp- Furthermore, 

(3.12) /KD = o 

but u; g" (1) since (/? is inseparable. Choose a G X scp . Since / is nondegenerate, we 
can choose v G (tu) . Replacing w by 11 + w if necessary, we can assume in 

addition (by [23j Prop. 4.9(i)] again) that 

(3.13) f(0(a,w),v)^O. 
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By [231 Prop. 3.21], av £ X scp , so f(0(av,w),l)) = by (l3~TTT) . By [23, 1.17(C4)] 
and (|3.12|) . it follows that 

f(9(a,w°y, l)q(v) = f(w, v°)f(9(a, v)° , 1) + f(8(a, v), w°)f(v°, 1), 

where a is as in 13.21 By [231 1.4] and (|3.12j) . we have x a — x for x = 1 and x = w 
and f(x a ,y) = f{x,y a ) for all x,y £ L. Therefore 

/(%,<)V) = /(0(a,™),l)=O 

by (j3~TTj) and 

/(«;,«') = f(w°,v) = f(w,v) = 
by the choice of v and hence 

f(8(a, v),w)f(v, 1) - /(0(a, w), 1) = 0. 

Since 1) 7^ by the choice of we conclude that f(0(a,v),w) — 0. By [2"31 
Prop. 4.22], therefore, f {9{a,9(a,v)),9(a,w)) =0. By Prop. 4.21], it follows 
that 

f(n(a), l)f(e(a, v),9(a, w)) = g(*r(a))/(u, 0(a, «;)) . 

By (|3.13[) . therefore, f(9(a,v),9(a,w)) 7^ 0. By one more application of [2"3I 
Prop. 4.22], however, f(6(a,v),6(a,w)) = q(ir(a))f(v, w) = 0. □ 

Proposition 3.14. Le£ E/K be a separable quadratic extension such that qE is 
hyperbolic and let V% and qi for i £ [l,d] be as in Proposition \2. 6\f Hi ) with v\ = 1. 
Then there exists e £ X scp such that 9{e, Vi) — Vi for each i £ [l,d]. 

Proof. Let p(x) = x 2 — ax + /3 6 _ftT[x] be an irreducible polynomial that splits over 
E. We can choose p(x) so that a = if and only if char(X) 7^ 2. Let 7,71 € E 
be the two roots of p(x). There exists an E- vector space structure on L as in 
Proposition 12. 6f i) such that Vi is a 1-dimensional subspace for each i £ [l,d]. Let 
T(v) = 7 • v for each v £ L and let T e be the unique automorphism of L such that 
T e (v) = 71 • v for all v £ Vi and T e {v) = T(v) for all v £ V^. Both T and T c 
are norm splitting maps of q as defined in [22J, 12.14] and both map Vi to itself for 
each % £ [l,d]. By 22, 12.20 and 13.13(h)], therefore, we can choose R £ {T,T £ } 
such that R is linked to the map (a, v) 1— > a ■ v at some point e G X as defined in 
[221 13.2]. By [22, 13.61], e <E X sep and there exists r £ K x and s £ K such that 
R(v) = r9(e, v) + sv for all v £ L. □ 

Proposition 3.15. Suppose that (K,L,q) is of type Eg and that 

(K,L,q) = {K,L uqi ) J_ (K,L 2 ,q 2 ) 

with q 2 of type Ej, q\ similar to the reduced norm of the quaternion division algebra 
representing cliffy) and 1 £ L 2 . Then the following hold: 

(i) There exists e £ X scp such that 6{e, Li) = Li for i = 1 and 2. 

(ii) Let e £ X be as in (i), let X e be the subspace of X generated by elements 
of the form ev\v 2 ■■ - Vj, where Vi £ L 2 for i £ and j > 1 is arbitrary, 
let - e , h e , respectively, e denote the restriction of ■ , h, respectively, 9 to 
X e x L 2 , X e x X e , respectively, X e x L 2 and let 

S e = {K, L 2 , q 2 , 1, X e , - e , h e , 9 e ). 

Then S e is a quadrangular algebra. 
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Proof. Bv l2.2[ l2~4l and Proposition 12.61 both (qi)E and (q2)e are hyperbolic. We 
can thus choose V% and qi for i £ [1, d] as in Proposition l2.6f iii') with Vi = 1, Vi C L2 
for i e [1,4] and V; C Li for i e [5,6]. By Proposition ^. 141 therefore, there exists 
e £ X scp such that 0(e, Lj) = Lj for i = 1 and 2. Thus (i) holds. 

Let S e be as described in (ii). To show that S e is a quadrangular algebra, it 
therefore suffices to show that X e ■ L2 C X e , 0(X e ,£ 2 ) C L2 and h(X e ,X e ) C £2- 
The first of these inclusions holds by the definition of X e . To show the other 
two inclusions, we first choose non-zero elements £ Vi for i £ [2,5]. We can 
assume that e is the element of X chosen in [231 6.4]. Thus the set 1, u 2 , . . . , V5 is 
e-orthogonal as defined in (23] 6.6]. By [23j 1.17(A3) and Prop. 6.16], there exists 
a non-zero ve £ L such that 1, V2, • ■ ■ , W5, i>6 is e-orthogonal and ev2V3ViV$VQ = e. 
(We are not claiming that ve £ Vq or even vq £ L%.) Let h be as in 23, 6.32], let J 
denote subset of I2 containing all the elements of I2 that are subsets of {V2, V3, W4} 
together with the element {^5, vq} £ I2 (so | J| = 8), let J2 be the elements of J of 
cardinality 2 (so | J2I = 4), let X x for each x £ J be as in 23, 6.35], let M be the 
subspace of X spanned by {X m \ m £ J} and let N be the subspace of M spanned 
by {X m I to £ J 2 }- By [231 Prop. 6.34], dim K M = 16 and M = eL 2 © N. By 
[231 6.37], we have M = X e , by [231 Prop. 6.13], we have h(e,N) = and by [231 
Props. 3.15 and 4.5(i)], h(e,eL2) C L 2 (since 9(e,L 2 ) C L 2 ). Hence h(e,X e ) c £2- 
By repeated application of J3, 1.17(B1)-(B2)], it follows that h(X e ,X e ) C i^2- 
Since 1 £ L2, we have C £2, where ct is as in 13.21 By repeated application of 
[231 1.17(C3)-(C4)], it follows from 0(e,L 2 ) C L 2 first that 6(eL 2l L2) C L 2 and 
then that 6>(X e ,L 2 ) C L 2 . Thus (ii) holds. □ 

Definition 3.16. For each non-zero u in L, let 7r u be the reflection of q given by 

7r «(«) = f{u,v)u/q{u) - v 

for all d £ L. Thus 7Ti = a, where a is as in 13.21 

Proposition 3.17. Let W and X4 be as in \3. 5\ Suppose that ip is a product of an 
even number of reflections of q as defined in \3.16l Then there exists an element 
h £ H' such that 

Xi(v) h = Xi(ifi(v)) 

for all v. 

Proof. Let u be a non-zero element of L. By [2H eq. (6)-(14)], there are elements 
ioi(0, q(u)) and w^u) in W such that 

for each v £ L. □ 

Notation 3.18. Let M denote the subgroup of K x generated by the non-zero 
elements in the set {q(Tr(a) + 1) \ (a,t) £ X x K}. 

Thus 

(3-19) McG(g)nHyp 2 (g) 

by Proposition EH and K x2 = {q(n(a)+t) \ (a,i) £ {0} x K x } C M. 

Proposition 3.20. Let and X4 be as in \3.5[ For each h £ H* , there exists a 
unique similitude ifh of q such that 

Xa(v) H = X4,(tfh(v)) 
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for all v 6 L. Furthermore, the map h i— > 7^ is a surjective homomorphism from 
W to M, where jh is the multiplier of (ph- 

Proof. Let w\{a, t) for non-zero (a,t) E X X K and ^4(11) for non-zero u E L be as 
in [21 eqs. (6)-(7)]. Then 

Xi(v) w *M = X 4 (uf(u, V a ) - q{u)v a ) 

and 

a; 4 («)^( a '*) = x 4 ((9(a,v)+tv)/q(ir(a)+t)) 
for all v € L and all non-zero (a,t) E X x K by [2H eqs. (13)-(14)]. We have 

q((6(a, v) + tv)/q{w(a) + t)) = q{v)/q{n{a) + t) 
for all v E L and all non-zero (a,t) E X x K fby |3.8[) and 
q(uf(u, v a ) - <?(w)v CT ) = q(v)q(u) 2 
for all u,v E L since = The claim holds, therefore, by [24] Thm. 2.1]. □ 

Proposition 3.21. If (K, L, q) is of type E7, then G(q) — M. 

Proof. By p,19|) . it suffices to show that G(q) C M. Let <p% be a similitude of q, 
let X4, C/4, i?o an d C 7?o be as in 13.51 and let h and (p be as in Proposition 13. 71 
Thus 

x 4 (v) h = a; 4 

for each v E L and 9? is a similitude of g with the same multiplier as ipi . Let Hi and 
ff 2 be the subgroups of H defined in [Ml 3.12 and 3.14]. By [SI Thm. 3.15(h)], 
ffo = #l#2 and by [2H Thm. 5.19], H 2 C HiW . We conclude that ff = tfi-ffL 
By [SI Prop. 3.11], i?i centralizes C/4. There thus exists g E W such x 4 (v) 9 = 
X4 (y(u)) for each v E L. The claim holds, therefore, by Proposition 13.201 □ 

Proposition 3.22. If (K,L,q) is of type E & , then G{q) = M. 

Proof. By (|3.19|) . it suffices to show that G{q) C M. Let <p be a similitude of q 
whose multiplier is not in K x2 . By Proposition 13.101 it suffices to assume that ip 
is separable. Let 

(K,L,q) = (K,L 1 ,q 1 ) ± (K,L 2 ,q 2 ) 
be the decomposition of q obtained by applying Proposition 12. 161 to (p. Replacing 
H by an isotope as defined in [231 8.7], we can assume that the base point 1 lies in 
L 2 (without changing the subgroup generated by the set of non-zero elements in 
{g(7r(a) + 1) \ (a,t) E X x K}). We can thus let e and 

H e = (K, L 2 ,q 2 , 1, X e , - e , h e , 9 e ) 

with X e C X be as in Proposition 13.151 By Proposition 13.211 (and the uniqueness 
assertion in Proposition I3.1|) . we conclude that 7 is the product of elements in 
{q(Tr(a) +t) I (a,t) E X e x K}. □ 

We can now prove Theorems 11.11 and 11.21 By Proposition 12.31 a quadratic form 
satisfying the hypotheses of Theorem 11.11 is of type £7 or Eg . By the existence 
assertion in Proposition 13.11 we can apply all the results in this section. Hence 
G(q) C Hyp 2 (g) by Qg7jl| and Propositions EH and By Thm. 20.14], we 

have Hyp 2 (q) C G(q). This concludes the proof of Theorem ll.il 

Suppose that (K,L,q) is of type E$ and that x 4 , Ha and are as in 13.51 To 
prove Theorem II. 2\ it suffices by Proposition 13.61 (and the existence assertion in 
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Proposition 13. ip to show that every element in Hq lies in H*. Let h £ Ho- By [24j 
eq. (19)], there is a similitude tp of q such that 

x 4 (v) h = x 4 (ip(v)) 

for all v £ L. Replacing h by a suitable element in hH\ we can assume, by 
Propositions 13.201 and 13.221 that ip is an isometry of q and hence a product of 
reflections of q. Again replacing h by a suitable element of hH\ we can assume, 
by Proposition EH7] and 24, Prop. 3.16], that (p is the identity. By [24] Thm. 3.12], 
h = a u for some u £ C x , where C = A by 24> 3.6] and a u is as defined in [24j 
Prop. 3.11]. By [jgj Prop. 3.13], it follows that /i <E W . This concludes the proof 
of Theorem O 

4. ^-EQUIVALENCE AND AN ALTERNATIVE PROOF OF THEOREM 11.21 

In this section, we give an alternative proof of Theorem [O] based on Corollary |2.19l 
and various other results about inequivalence. This proof is due to Skip Garibaldi. 
The methods employed in this section are completely different from those employed 
in the previous section; in particular, we make no further reference to the Moufang 
quadrangle r of <J3] 

Let G denote a reductive algebraic group of absolute type Eg whose Tits index 
over a field A is Af 6 2 . Our goal is to show that the group of A-rational points of G 
is generated by its root groups. By 7.3], it suffices to assume that char(A') = 0. 
This will allow us to apply Corollary 12.191 By [D] 7.2], it suffices to show that G is 
i?-trivial. 

Now fix a maximal A-torus T containing a maximal A-split torus S in G and 
fix a pinning for G with respect to T over an algebraic closure of A. Number the 
simple roots atj as in [31 Chapter 6, Plate VII] and let oj^ be the corresponding 
fundamental dominant co- weights, so {aj,uj^) — Sij. The fundamental co- weights 
u>i and Wg belong to the co-root lattice and so define cocharacters, in other words, 
homomorphisms from G m to T. Their images generate a subtorus S in T which 
is the connected component of the intersection (in T) of the kernels of the roots 
ct2, ■ . ■ , oif. There is a canonical isomorphism 

(4.1) *: A X ® Z T, ^T(K), 

where T* is the lattice of cocharacters of T and where A is an algebraic closure of 
A; see [HJ 3.2.11]. Since the group G is of adjoint type, the u>^ form a Z-basis for 
T*. Thus we may view $ as an isomorphism 

8 

n^ X ®z Z^ v ^>T(A). 
i=i 

This shows that the intersection of the kernels of the roots a2 . . . , 0.7 is connected 
and that $ restricts to an isomorphism 

(4.2) (A x ®i Zlo\) x (A x ® z ZluI) A S(K). 

The cocharacters and Wg are defined over A by [3J Cor. 6.9], so (|4.2I) implies 
that S is A-isomorphic to the direct product of the images of the cocharacters lo( 
and Ug . 

We next fix a parabolic P of G whose Levi subgroup is the connected reductive 
group Zq{S); see [TH1 §13.4 and Lemma 15.1.2]. Let U be the unipotent radical 
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of P and let U~ be the unipotent radical of the opposite parabolic. The product 
U~ x U is isomorphic as a variety to an affine space. By [TJ Proof of Thm. 21.20], 
the natural map from G to G/P restricts to an isomorphism from U~ to an open 
subset of G/P. Hence the product map from U~ x P to G defines an isomorphism 
from U~ x P to an open subset of G. It follows that G is birationally equivalent to 

U~ x Z G {S) x U. 

(This subvariety is the analog of the big cell for the Bruhat decomposition of G 
over K\ see [U Prop. 4.10(d)].) We conclude that G is birationally equivalent to 
the product of Zq{S) and an affine space. 

Let H denote the derived subgroup of Zq{S). The sequence 

S ^ Z G (S) H/(H ns)^i 

is exact on L-points for every extension L/K because S is split. Hence Zg(S) is 
birationally equivalent to the product of S with H/(H n S). 

The absolute Dynkin diagram of H is of type D 6 . By p. 211], the group H 
is Spin(g) for q a quadratic form over K with dimg = 12, discq = 1 and clif(q) 
split. As S centralizes H , the intersection H D S is contained in the center /i 2 x /i 2 
of Spin(q). We show that H fl S is equal to the center of Spin(g). 

Since G is simply connected as well as adjoint, the co-roots a J provide also a 
Z-basis for the cocharacter lattice T*. Thus we may view the isomorphism $ in 
(|4.ip as an isomorphism 

8 

K x ® z T* = JJ K x ®i 1a y t A T(jr). 
»=i 

Then it follows from [18l 8.1.8] that $ restricts to an isomorphism 

7 

(4.3) ]]_K x (g> z Za^(HnT) (K). 

z=2 

The expressions for the fundamental dominant weights in terms of the roots 
aj in [3, Chapter 6, Plate VII] imply expressions for the fundamental dominant 
co- weights uj y in terms of the co-roots aj . These expressions yield 

utf(-l)=a£(-lK(-l) and o; 8 v (-l) = a 3 v (-l)a^(-l)^(-l). 

From (|4.2p and (|4.3j) . we see that these two elements both lie in S(K) and in 
(H n T)°{K) and are nontrivial and distinct. We have thus produced two distinct 
nontrivial elements in (H fl S)(K). Hence H n 5 is, in fact, the entire center of 

Spin(g). 

Therefore H/{HC\S) is PGO + (g). It follows bydHthat H/(HnS) is ^-trivial. 
Therefore G is birationally equivalent to the product of PGO + (g) times an affine 
space. Thus G itself is i?-trivial by [H p. 197, Cor.]. This concludes our second 
proof of Theorem 11.21 

We observe that this proof goes through verbatim for every group G of absolute 
type Eg in whose Tits index the roots a± and as are circled. We conclude that for 
such groups, G is i?-trivial and the group of if -rational points of G is generated by 
its root groups. With only minor modifications, the proof also shows that if G is 
adjoint of absolute type Ej with trivial Tits algebras and the root a\ is circled in 
the Tits index of G, then G is i?-trivial. 
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5. Theorem 11.11 and triality 

In this section, we assume that char(if) ^ 2. We give an alternative proof of 
Theorem ll.il based on completely different methods. We actually show: 

Proposition 5.1. Suppose the characteristic of the base field K is different from 2 . 
If q is a quadratic form with trivial discriminant, then H.yp 2 (q) = Hyp(g) in the 
following cases: 

(i) dim q = 8 and the index of clif (q) is 1 or 2; 

(ii) dim q = 12 and clif (g) is split. 

Since in each case G(q) — Hyp(<7) by Proposition 12.151 and Corollary 12.171 Theo- 
rem [T7T] follows from Proposition 15. 11 

We start with the case of 8-dimensional quadratic forms. If clif (q) is split, then 
q is a multiple of a 3-fold Pfister form, and the result follows from Lemma 12.141 
Similarly, if q is isotropic, then q is Witt-equivalent to a multiple of a 2-fold Pfister 
form, and the result follows from Lemma \2. 141 We may thus assume that (K, L, q) 
is of type Ef and let D be the quaternion division algebra over K that repre- 
sents clif(g). We show next that the Clifford algebra construction associates to 
q a skew-hermitian form h of rank 4 over D, and we shall complete the proof of 
Proposition 15. IIP by proving that 

Hyp(g) = Sn(h) = Hyp 2 (g); 

see Proposition 15.91 

Let (A, a) be a central simple if-algebra of degree 8 with an orthogonal involu- 
tion of trivial discriminant. The Clifford algebra C(A, a) decomposes into a direct 
product of two central simple AT-algebras of degree 8: 

C(A,a) = C+{A,a) x C-(A,a). 

Recall that C (A, a) carries a canonical involution g_, which induces orthogonal in- 
volutions o~ 4- and er_ on C+{A, a) and C-(A,a) respectively. By triality (see [12j 
(42.3)]), the Clifford algebras of (C+(A, a), 0+) and (C-(A,<r),<r-) satisfy 

(C(C+(A,<T),a + ) t a ± ) = (C_(4,a),<r_) x (A, a), 
(C(C_(A,a),a_),^) = (A, a) X (C+(A,a),a + ). 

Proposition 5.2. The following hold: 

(1) If A is split, then (C+(A, a), o~+) and (C—(A,a),a—) are isomorphic. 

(2) If (A, a) is split and isotropic, then (C+(A,<j),a+) and (C—(A, a), <r_) are 
hyperbolic. 

(3) If (A, a) is split and hyperbolic, then (C+(A, a), + ) and (C—(A, a), a-) are 
split and hyperbolic. 

Proof. (1) is well-known, (2) is in [12l (8.5)], and (3) follows from (2) and the fact 
that the Clifford invariant of a hyperbolic quadratic form is trivial. □ 

We apply this proposition in the following context: let (K,L,q) be an 8-dimen- 
sional quadratic space with disc q — 1, and assume clif (q) is represented by a quater- 
nion division algebra D. Let ad g : Endif L — > End^ L be the adjoint involution of 
q. We apply the discussion above with (A, a) = (End# L, ad g ). Then C{A,a) = 
Co(L,q) and (C + (A,a),a + ), (C-(A,cr),a-) are isomorphic to (End/? W, ad/j) for 
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some 4-dimensional skew-hermitian space (W, h) over D (with its conjugation in- 
volution). 

Proposition 5.3. For an arbitrary extension E/K , the following statements are 
equivalent: 

(a) qE is hyperbolic; 

(b) De is split and (Endc W, a,dh)E is hyperbolic; 

(c) De is split and (Endc W,&dh)E is isotropic. 

Proof, (a) =>■ (b): This readily follows from Proposition 15. 2f 3) . 

(b) =► (c): Clear. 

(c) =>■ (a): This follows from Proposition l5.2f 2) with (Endn W, &&h)E for (A, a); 
then by triality (C+(A, a), a+) or (C-(A,a),<j-) is isomorphic to (Endx L, ad g )e). 
□ 

The next results 15.4115.61 hold for skew-hermitian forms of arbitrary dimension. 

Lemma 5.4. Let (W, h) be a skew-hermitian space over a quaternion division al- 
gebra D over K and let E be a quadratic extension of K . If h is anisotropic, the 
following conditions are equivalent: 

(i) E = K(h(v,v)) for some v € W; 

(ii) De is split and hs is isotropic. 

Proof. If (i) holds, then E is isomorphic to a maximal subfield of D, hence De is 
split. Let h(v,v) 2 = a G K x , so E = K(y/a). Then u • (h(v,v) + -^a) e VKb is 
isotropic for Ke- Thus, (ii) holds. 

Conversely, if (ii) holds, then E is isomorphic to a maximal subfield of D. Let 
E = K(s/a) for some a £ K, and let A £ D be a pure quaternion such that 
A 2 = a. Suppose x + y\fa £ We is /iE-isotropic for some x, y € W . The condition 
He(x + y\fa~i x + y\fa) = yields 

h(x, x) + h(y, y)a = and h(x, y) + h{y, x) = 0. 

Since /i is skew-hermitian, the second equation shows that h(x, y) £ K. Then 

h(x + y\,x + yX) = 2h(x, y)X - h(y, y)a - Xh(y, y)X 

and the right side commutes with A. Therefore, h(x + yX,x + yX) = Xb for some 
b € K x , and we have E = K(h(v, v)) with v = x + yX. □ 

For any skew-hermitian space (W, h) over a quaternion division algebra D over 
if, we let Sn(h) denote the group of spinor norms of h, which is the image of 
the Clifford group r(Endi) W, &dh) — T{W,h) under the multiplier map; see [T2l 
(13.30)]. 

Proposition 5.5. If h is anisotropic, then Sn(/i) = J\ E N(E/K), where E runs 
over the quadratic extensions of K satisfying the equivalent conditions (i) and (ii) 
of Lemma \5.4\ 

Proof. The multiplier map T(W, h) — > K x factors through the vector representation 
T(W, h) — s- 0+(W, h), where 0+(W, h) is the group of direct isometries of the space 
(W,h). By [TUl Thm. 6.2.17], this group is generated by transformations of the 
form 

T v ,r '■ W — > W, x H> x — vh{vr, x) 
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where v € W is an anisotropic vector and r £ D x satisfies r ~r = rh(v,v)r. To 
compute the spinor norm of that transformation, observe that t„ )7 . is the identity 
on v , hence the spinor norm of r v r is the spinor norm of its restriction to the 
1-dimcnsional subspace vD. Let v — h(v, v) £ D x and let h v denote the restriction 
of h to vD, so 

h v (vX,v/i) = Xffi for A, fi £ D. 

We have 

0+(vD,h v ) = {9 £ K{v) x | 99 = 1} and T(vD, h v ) = K(v) x 

(where 9 £ K(v) x is identified with the map vX M- v9X for X £ D). The vector 
representation T(vD,h v ) —> 0+(vD, h v ) carries u £ K(v) x to mm -1 , hence the 
spinor norm of that isometry is uuK x2 ; see [12J, (13.17)]. This shows that Sn(h v ) 
consists of norms from the quadratic extension K{v)/K. Since Sn(/i) is generated 
by the groups Sn(/i K ) for the anisotropic vectors v £ W, the proposition follows. □ 

Corollary 5.6. Let (W, h) be a skew-hermitian space over a quaternion division 
algebra D over K , and let p — char(X) > 2. For K = K~ p the perfect closure 
of K , we have Sn(/i^) (1 K — Sn(/i). 

Proof. The inclusion Sn(h) C Sn(hg) f)K is clear, so it suffices to prove the reverse 
inclusion. Let x £ Sn(ft,^) D K. If x £ K x2 , then x £ K x2 C Sn(h). We may thus 
assume x ^ K x2 . By Proposition [531 there exist quadratic extensions E\/K, . . . , 
E r /K such that is split and is isotropic for each i £ [l,r], and elements 
Ui £ Ei\ K for i £ [1, r] such that 

(5-7) x = N Si/S {y 1 )-...'N Sr/it (y r ). 

Let if' C if be the subfield generated by N^.g-iyi), Njjj ^{y r ) and, for 
i £ [l,r], let £^ = K'(yi). Thus, K'/K is a purely inseparable extension of finite 
degree, (|5.7p yields 

(5.8) x = A^/jr/(yi) • ■ • ■ • N E ,j K ,(y r ), 

and each E[jK' is a quadratic extension. For j 6 [L?i, let i^f be the separable 
closure of K in E[\ it is a quadratic extension of K and we have 

E[ £ ® K and S 4 ^ E' t ' (g> K K. 

Since quaternion division algebras do not split over extensions of odd degree, 
the condition that is split shows that De" is split. Likewise, anisotropic 
skew-hermitian forms do not become isotropic over odd-degree extensions by [151 
Thm. 3.5], hence He" is isotropic. Now, let [K' : K] = p d ; taking the norm from 
K' to K of each side of (|5.8|) , we obtain 

x pd = N E ^K(yi)-----N E ^K{yr) = N E ^K(NEi/E^yi))--.--N E , /K (N Elr/E;! (y r )). 

Since x p = x mod K x2 , this equation shows that a; is a product of norms from 
quadratic extensions over which D is split and h is isotropic, hence x £ Sn(/i) by 
Proposition [53] □ 

We now return to the context of Proposition 15.31 The following proposition 
completes the proof of Proposition UTTp): 
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Proposition 5.9. For q an anisotropic 8- dimensional quadratic form and h the 
corresponding 4- dimensional skew-hermitian form as in Proposition 1 5. 3\ we have 

Hyp(g) = Sn(h) = Hyp 2 (g). 

Proof. Proposition 15.31 shows that the quadratic extensions EJK such that De is 
split and Iie is isotropic are exactly those such that qE is hyperbolic, hence by 
Proposition 1 5 . 51 we have 

Sn(/i)=Hyp 2 (<z)cHyp(g). 

To complete the proof, we show Hyp(g) c Sn(h). Let E/K be a finite-degree 
extension such that qE is hyperbolic, let K be the perfect closure of K in some 
algebraic closure of E, and let K x be the purely inseparable closure of K in E. The 
compositum E ■ K of E and K satisfies E ■ K = E ®k x K. Since qE is hyperbolic, 
q is also hyperbolic over E ■ K, hence D E s is split and h E ^ is isotropic, by 
Proposition 15.31 Therefore, Sn(h E- &-) — (E ■ K) x . Since K is perfect, we may 
apply the norm principle for spinor norms (see [131 (6.2)]), which is a twisted 
analogue of Knebusch's norm theorem, to see that N(E ■ K/K) C Sn(h^). Since 
N{E/K 1 ) C N(E ■ K/K), it follows that N(E/K 1 ) C Sn(h R ). Let p = char(X) if 
chax(K) > 2 and p = 1 if char(if ) = 0, so [Ki : K] = p d for some d > 0. For all 
x 6 i^i, we have N Kl / K {x) = x p , hence 

iV(£/X) = N KlJK {N{E/K x )) = N{E/K{f C Sn(^). 

But N(E/K) C if, hence Corollary EU shows that N(E/K) C Sn(/i). Of course, 
we also have if x2 C Sn(/i), hence Hyp(g) C Sn(/i). □ 

Part (ii) of Proposition [5~T1 follows from part (i) by the same arguments as in the 
proof of Corollary 1 2. 171 let q be a 12-dimensional nondegenerate form with trivial 
discriminant and Clifford invariant. If q is isotropic, then it is Witt-equivalent 
to a 3-fold Pfister form and G(q) = Hyp 2 (g) by Lemma 12.141 For the rest of 
the proof, suppose q is anisotropic, i.e., q is of type Eg. Let 7 G G(q). Since 
char(ii') 7^ 2, all similitudes of q are separable. We can thus fix a decomposition 
q = qi -L as in Proposition 12.161 Since 7 € Gfa), part (i) of Proposition 15.11 
shows that 7 G Hyp 2 (<7 2 ). Since Hyp 2 (q 2 ) C Hyp 2 (g) by Remark [2.18[ it follows 
that 7 € Hyp 2 (q). This proves Proposition 15 . If ii) . 
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